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1. Introduction
It has been known for some time that the set of principal circle bundles over a manifold M can
be given a group structure by its one-to-one correspondence with H 2(M,Z) ([3]). In particular,
this fact has been used to generate real contact manifolds out of symplectic manifolds.
Theorem 1.1. ([2]) Let M be a symplectic manifold with fundamental 2-form Ä such that
[Ä] ∈ H 2(M,Z). Then the principal S1-bundle P corresponding to [Ä] has a connection form
η such that dη is the pull-back of Ä and η is a global real contact form on P.
This theorem has a converse (for further reference for both theorems, see also [1]).
Theorem 1.2. ([2]) Let P be a compact, regular contact manifold with contact form η′. Then P
is the total space of a principal S1-bundle pi : P → M , where M is a symplectic manifold with
symplectic formÄ. Also, there is a nowhere-zero function τ on P such that η = τη′ is a global
contact form on P and a connection form for the fibration such that dη = (pi)∗(Ä). Lastly, the
free S1-action on P is defined by the characteristic vector field ξ of η.
Given these results in the real contact and real symplectic categories, it is natural to ask whether
analogues exist in the categories of complex contact and complex symplectic manifolds.
A complex contact manifold is a complex manifold P of complex dimension 2n+ 1 with an
open atlas U = {O} such that
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1. On each O ∈ U, there is a holomorphic 1-form η with η ∧ (dη)n 6= 0 everywhere on O.
2. On O ∩ O′, there exists a holomorphic function f : O ∩ O′ → C∗ such that η = f η′.
In particular, H1,0 = ⋃O∈U(ker η) is a well-defined holomorphic subbundle of T 1,0 P with
maximal rank.
In this paper, we will concentrate on complex contact manifolds with a global contact form,
i.e., there is a global holomorphic 1-form η on P such that η ∧ (dη)n 6= 0 everywhere on P
(cf. [7]). This is a reasonable assumption, since this is the only possible category of complex
contact manifolds with a well-defined holomorphic characteristic vector field, an essential
ingredient of the Boothby–Wang fibration.
In Sections 2 to 5, we show that, over a complex symplectic manifold whose complex
symplectic form represents a class in Gaussian-integral cohomology, the principal S1× S1-
bundle corresponding to that class can be given the structure of a complex contact manifold
with a global contact form. In Section 6, we prove the converse about regular complex contact
manifolds with global contact forms, hence a complex analogue of the Boothby–Wang fibration.
Finally, in Section 7, we provide a few examples by investigating even-dimensional complex
tori. In particular, we show which of the complex tori have a complex Boothby–Wang fibration.
The author gives particular thanks to John Oprea at Cleveland State University and David
Singer of Case Western Reserve University for helping to make sense of both Boothby–Wang
fibrations and the complex structures of even-dimensional tori and to David Blair of Michigan
State University for helping to make sense of contact manifolds and for suggesting this line of
research a few years back.
2. Complex-symplectic manifolds
Let (M, ω) be a complex-symplectic manifold with dimC M = 2n and complex structure J0.
Then ω is a closed, holomorphic 2-form with ωn 6= 0. Let ω = ω1 + iω2, where ω1 and ω2
are real 2-forms. Since ω is closed, so are ω1 and ω2. Also, ω being holomorphic means that
ω(X+i J0 X, ∗) = 0 as a 1-form on TCM. It is easy to see then thatω2(X, Y ) = −ω1(J0 X, Y ) =
−ω1(X, J0Y ) for any real vectors X and Y.
Now, we may use the complex version of Darboux’s Theorem to find local holomorphic
functions (z1, . . . , zn, w1, . . . , wn) such that ω = dz1 ∧ dw1 + · · · + dzn ∧ dwn. If we derive
real coordinates z j = x j + iy j , w j = s j + i t j , then
ω1 = dx1 ∧ ds1 − dy1 ∧ dt1 + · · · + dxn ∧ dsn − dyn ∧ dtn,
ω2 = dx1 ∧ dt1 + dy1 ∧ ds1 + · · · + dxn ∧ dtn + dyn ∧ dsn
from which we see that ω2n1 6= 0 and ω2n2 6= 0. Thus, we have two distinct symplectic structures
on M. For now, we will assume that each represents an integral class in cohomology.
We then have two distinct Boothby–Wang fibrations
S1
↓
(P1, η1)
↓ p1
(M, ω1)
S1
↓
(P2, η2)
↓ p2
(M, ω2),
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where each is a principal S1-fibre bundle over M, and each η j is a real contact form on Pj such
that dη j = p∗jω j and iη j is a connection form of Pj over M.
Let P = P1⊕ P2 be the Whitney sum of the two principal S1-bundles. Then P is a principal
S1× S1-bundle over M. Let p : P → M be the resulting projection. Since a typical element
of P is simply (z1, z2) where p1(z1) = p2(z2), we can define q j : P → Pj by q j (z1, z2) = z j
for each j. Then we have that p = p j ◦ q j .
For z ∈ P, set Vz P = ker(p∗)|z. Since P is a principal fibre bundle, we have a natural
isomorphism Vz P ∼= s1 ⊕ s1 = (iR) ⊕ (iR), where s1 = iR is the Lie algebra of the Lie
group S1. Let ξ1 and ξ2 be the vector fields corresponding to (i, 0) and (0, i), respectively.
Then, if ξ ′j is the vector field on Pj generated by the S1-action, we have (q j )∗ξ j = ξ ′j .
3. Connections on principal S1× S1-bundles
Before we proceed, we recall a few facts about connections on G-bundles. Suppose G →
P
p→ M is a principal G-bundle. Let g be the Lie algebra of G, and VP the kernel of p.
Then for any A ∈ g, we let A∗ be the corresponding vector field on P given by the natural
isomorphism VP ∼= P × g. Then a connection form η on P is a g-valued 1-form such that
η(A∗) = A for all A ∈ g,
(Ra)∗η = ad(a−1)η for all a ∈ G.
In particular, if g is Abelian, e.g., g = s1 ⊕ s1, then the second condition simply becomes
(Ra)∗η = η. Let H = ker η, so that T P = H⊕V.We will also let H,V denote the respective
projections on T P.We will have need of the following result from Kobayashi and Nomizu (see
[4, p. 78]).
Lemma 3.1. If A∗ is the vertical vector field on P corresponding to an element A ∈ g and X
is a horizontal vector field, then [X, A∗] is horizontal.
We call a vector field X on P and a vector field X˜ on M, p-related if p∗(X) = X˜ . If,
furthermore, X is a horizontal vector field, then we call X basic. For any vector field X˜ on M,
there is a unique basic vector field X on P such that p∗(X) = X˜ . It is known that for any vector
fields X, Y on P which are p-related to vector fields on M, p∗([X, Y ]) = [p∗(X), p∗(Y )]
(see [4, p. 10]). In particular, if X is a basic vector field and W a vertical vector field, we
have p∗([X,W ]) = 0. Since p∗|H is an isomorphism H → T M at each point of P, we see
that H([X,W ]) = 0, i.e., [X,W ] is vertical. Combining this with the above lemma, we see that,
for any basic vector field X on P and A ∈ g, [X, A∗] = 0.
Set Ä = dη ◦H. This is a g-valued 2-form which vanishes on V, called the curvature form
of P with respect to η. The Maurer–Cartan structure equation is given by
dη = Ä− 12 [η ∧ η].
Again, if g is an Abelian Lie algebra, we simply have that dη = Ä.
Now, we return to our example P = P1⊕ P2.On P , we define an (iR)⊕(iR)-valued 1-form
α by α = (α1, α2), where α j = i(q j )∗η j , j = 1, 2. Then, since iη1, iη2 are both connection
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forms on P1, P2, respectively with η j (ξ ′j ) = 1, j = 1, 2,
α(ξ1) =
(
iη1((q1)∗ξ1), iη2((q2)∗ξ1)
) = (iη1(ξ ′1), 0) = (i, 0),
and, similarly, α(ξ2) = (0, i).
Let a = (eiθ , eiψ) ∈ S1× S1, z = (z1, z2) ∈ P. Then Ra(z) = (eiθ z1, eiψ z2). So,
(q1 ◦ Ra)(z) = Reiθ (z1) = Reiθ ◦ q1(z).
Similarly, q2 ◦ Ra = Reiψ ◦ q2. Thus, (Ra)∗((q j )∗η j ) = (q j )∗η j = (1/ i)α j for each j = 1, 2.
Hence, (Ra)∗α = α, and so α is a connection form on P with respect to the fibration P → M.
Also, H = (ker α1) ∩ (ker α2).
Let Ä be the curvature form of α. Then, since s1 ⊕ s1 is an Abelian Lie algebra, we know
Ä = dα. Thus, we have automatically that ι(ξ j )dα = 0 for j = 1, 2. Set Ä = (Ä1, Ä2)
where each Ä j is an (iR)-valued 2-form. Then Ä j = i p∗(ω j ) for each j = 1, 2. So, Ä =
(i p∗(ω1), i p∗(ω2)).
4. The Complex structure of P
We define a complex structure J ′ on the vector bundle V over P = P1 ⊕ P2 by
J ′ξ1 = ξ2, J ′ξ2 = −ξ1.
We also define a complex structure J ′′ on H. For z ∈ P, let horz : Tp(z)M → Hz P be the
horizontal lift map with respect to α. Then, for X ∈ Hz P, we set
J ′′(X) = (horz ◦ J0 ◦ p∗)(X),
where the reader will recall that J0 is the complex structure on M. Set J = J ′ ◦ V+ J ′′ ◦H.
Then J is an almost complex structure on P. Note that α2 = −α1 ◦ J. Also, if X is a basic
vector field on P, then J X is also basic.
Proposition 4.1. J is integrable.
Proof. Let [J, J ] be the Nijenhuis torsion of J given by
[J, J ](X, Y ) = −[X, Y ]+ [J X, JY ]− J [J X, Y ]− J [X, JY ],
for any vector fields X and Y on P. Since s1⊕ s1 is Abelian and the map A 7→ A∗ is an isomor-
phism of Lie algebras, we know that [ξ1, ξ2] = 0. In particular, we have that [J, J ](ξ1, ξ2) = 0.
Thus, [J, J ](V,V) = 0.
Now, suppose X is a basic vector field on P. In particular, as explained before, [X, ξ j ] = 0 for
each j. Also, since J X is also basic, we have [J X, ξ j ] = 0 for each j. Thus, [J, J ](X, ξ j ) = 0
for each j. Since [J, J ] is linear in both arguments, {ξ1, ξ2} is a basis of V, and we can find a
local basis of H consisting of basic vector fields, we have that [J, J ](H,V) = 0.
Thus, we need now only show that [J, J ](H,H) = 0. Let X, Y be basic vector fields on
P with X˜ = p∗(X), Y˜ = p∗(Y ). Since X, Y are p-related to X˜ , Y˜ , respectively, and J0 is an
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integrable complex structure on M, we have
p∗[J, J ](X, Y ) = [J0, J0](X˜ , Y˜ ) = 0.
Using the horizontal lift, we get H[J, J ](X, Y ) = 0. Also,
α([J, J ](X, Y )) = α(−[X, Y ]+ [J X, JY ]− J [J X, Y ]− J [X, JY ])
= −α([X, Y ])+ α([J X, JY ])− α(J [J X, Y ])− α(J [X, JY ])
= 2dα(X, Y )− 2dα(J X, JY )+ 2d(α ◦ J )(J X, Y )+ 2d(α ◦ J )(X, JY )
= 2(Ä1(X, Y ),Ä2(X, Y ))− 2(Ä1(X, Y ),Ä2(X, Y ))
+ 2d(α ◦ J )(J X, Y )+ 2d(α ◦ J )(X, JY ).
Now, α ◦ J = (−α2, α1). So, d(α ◦ J ) = (−dα2, dα1) = (−Ä2, Ä1). Therefore,
α([J, J ](X, Y )) = 2(Ä1(X, Y )−Ä1(J X, JY )−Ä2(J X, Y )−Ä2(X, JY ),
Ä2(X, Y )−Ä2(J X, JY )+Ä1(J X, Y )+Ä1(X, JY )
)
= 2i(ω1(X˜ , Y˜ )− ω1(J0 X˜ , J0Y˜ )− ω2(J0 X˜ , Y˜ )− ω2(X˜ , J0Y˜ ),
ω2(X˜ , Y˜ )− ω2(J0 X˜ , J0Y˜ )+ ω1(J0 X˜ , Y˜ )+ ω1(X˜ , J0Y˜ )
)
,
by the facts that Ä j = i p∗(ω j ) for each j and that J0 ◦ p∗ = p∗ ◦ J. However,
−ω2(J0 X˜ , Y˜ ) = ω1(J 20 X˜ , Y˜ )
= −ω1(X˜ , Y˜ ),
−ω2(X˜ , J0Y˜ ) = ω1(J0 X˜ , J0Y˜ ),
−ω2(J0 X˜ , J0Y˜ ) = −ω1(X˜ , J0Y˜ ).
This gives us α([J, J ](X, Y )) = 0. Thus, V([J, J ](X, Y )) = 0. Combining this with the
equation above, we have [J, J ](X, Y ) = 0. Since we can always choose a local basis for H
consisting of basic vector fields, we have [J, J ](H,H) = 0. This completes the proof. ¤
Proposition 4.2. H is a “holomorphic” distribution of TP, i.e., locally there exists a basis
{X1, . . . , X4n} of H such that LXk J = 0 for every k = 1, . . . , 4n.
Proof. Recall that, on an almost complex manifold, LX J = 0 if and only if [X, JY ] = J [X, Y ]
for any vector field Y (see [5, p. 128]). Let X be a basic vector field on P such that X˜ = p∗(X)
is an infinitesimal automorphism of J0 on M, i.e., LX˜ J0 = 0. Since [X, ξ1] = [X, ξ2] = 0, we
have [X, Jξ j ] = J [X, ξ j ] = 0, so LX J ◦ V = 0. Let Y be another basic vector field on P,
sharing the same domain as X. Let Y˜ = p∗(Y ). Then
p∗([X, JY ]) = [X˜ , J0Y˜ ] = J0[X˜ , Y˜ ] = J0(p∗([X, Y ])).
So, at z ∈ P,
H([X, JY ]) = (horz ◦ J0 ◦ p∗)([X, Y ]) = J ′′ ◦ horz ◦ p∗([X, Y ]) = J ◦H([X, Y ])
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Also, α([X, JY ]) = −2i(ω1(X˜ , J0Y˜ ), ω2(X˜ , J0Y˜ )). So,
V([X, JY ]) = −2ω1(X˜ , J0Y˜ )ξ1 − 2ω2(X˜ , J0Y˜ )ξ2 = 2ω2(X˜ , Y˜ )ξ1 − 2ω1(X˜ , Y˜ )ξ2,
since ω2(∗, ∗) = −ω1(J0∗, ∗) = −ω1(∗, J0∗). Furthermore,
JV([X, Y ]) = J(−2ω1(X˜ , Y˜ )ξ1 − 2ω2(X˜ , Y˜ )ξ2) = 2ω2(X˜ , Y˜ )ξ1 − 2ω1(X˜ , Y˜ )ξ2.
Thus, we see that V[X, JY ] = JV[X, Y ] = VJ [X, Y ]. Combining this with the last equation
of the previous paragraph, we have [X, JY ] = J [X, Y ]. So, we can simply take the basis of H
to be the horizontal lifts of a basis on M consisting of infinitesimal automorphisms of J0, e.g.,
a basis of holomorphic coordinate vectors. Thus, we have proved the proposition. ¤
Note that we can get the fact that Lξ j J = 0 for each j from a little calculation combined
with these three facts
1. [ξ1, ξ2] = 0.
2. [X, ξ j ] = 0 for X basic and i = 1, 2.
3. J X is basic, if X is basic.
We are now in a position to prove that H is a complex contact subbundle of P. We define
the rather obvious function φ : s1 ⊕ s1 → C by (s, t) 7→ (1/ i)(s + i t). Set η = φ ◦ α, so that
η = (1/ i)(α1 + iα2). We now extend η to all of TCP by C-linearity. Since α2 = α1 ◦ J, we
know η(W + i J W ) = 0 for any real vector W on P . Furthermore,
η(ξ1 − i Jξ1) = 1i
(
α1(ξ1)− i2α2(Jξ1)
) = 1
i
(i + α2(ξ2)) = 2.
Set ξ = 12(ξ1 − i Jξ1). Then we know that ξ is a holomorphic vector field on P by the fact
that Lξ1 J = 0. Also, let H1,0 = {X − i J X ∈ T 1,0 P : X ∈ H}. Then η(H1,0) = 0. So, η on
T 1,0 P is dual to ξ with respect to any basis of holomorphic vectors, {ξ, X1, . . . , X2n}, where
{X1, . . . , X2n} ⊂ H1,0. This means that η is a holomorphic 1-form on P.
Lastly, if we assume that the above-mentioned basis of H1,0 is the horizontal lift of a
holomorphic basis on M, {W1, . . . ,W2n}, we have
(η ∧ (dη)n)(ξ, X1, . . . , X2n)
= Cn(dη)n(X1, . . . , X2n) = Cn(φ ◦ (dα))n(X1, . . . , X2n)
= Cn(φ ◦Ä)n(X1, . . . , X2n) = Cn(ω)n(W1, . . . ,W2n)
6= 0,
for some nonzero constant Cn depending only on n. Thus, H1,0 is a complex contact subbundle
on T P given by a global holomorphic 1-form η. We have proven
Theorem 4.3. Let M be a complex-symplectic manifold with a complex symplectic form ω =
ω1 + iω2 such that both ω1 and ω2 are integral classes. Then the S1× S1 -bundle defined by
([ω1], [ω2]) ∈ H 2(M,Z)⊕ H 2(M,Z) (or [ω] ∈ H 2(M,Z+ iZ)) has an integrable complex
structure and also a complex contact structure given by a holomorphic connection form whose
curvature form is given by ω.
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5. General facts about global complex contact structures
We will now review some facts about global complex contact structures and their corre-
sponding vertical subbundles. Throughout this section, we assume that η = u − iv is a global
holomorphic contact form (u and v are real 1-forms with v = u ◦ J ) and that V is the subbundle
of T P defined as the span of {U, V = −JU } where
u(U ) = 1, v(U ) = 0, ι(U ) du = 0,
u(V ) = 0, v(V ) = 1, ι(V ) dv = 0.
Proposition 5.1. If P is a complex contact manifold with a global holomorphic contact form
η = u − iv and corresponding vertical subbundle V = span{U, V = −JU } given by
u(U ) = 1, v(U ) = 0, ι(U ) du = 0,
u(V ) = 0, v(V ) = 1, ι(V ) dv = 0,
then
1. U and JU are infinitesimal automorphisms of J, i.e., LU J = LJU J = 0.
2. [U, JU ] = 0, so that V is a foliation of T P.
3. LU u = LJU u = LUv = LJUv = 0.
4. LU (du) = LJU (du) = LU (dv) = LJU (dv) = 0.
Proof. If we use the complex Darboux Theorem to derive holomorphic coordinates
(z1, . . . , z2n+1)
such that
η = dz1 − z2 dz3 − · · · − z2n dz2n+1,
then we see immediately that 12(U − i JU ) = ∂/∂z1. In other words, both U = ∂/∂x1 and
JU = ∂/∂y1 are infinitesimal automorphisms of J. So, LU J = LJU J = 0. In particular,
[U, JU ] = J [U,U ] = 0, i.e., V is a foliation. Also, note that, on each vertical leaf, we have a
hermitian metric given by
g′ = u ⊗ u + v ⊗ v,
i.e., U and JU are taken to be orthonormal vector fields.
By assumption, dη is a holomorphic 2-form on P. In particular, dv(X, Y ) = du(J X, Y ) =
du(X, JY ) for any vectors X, Y on P. Thus, recalling the definitions of U and JU, we also
have dv(U, X) = du(U, J X) = 0 and, similarly, du(V, X) = 0 for any X ∈ T P. Thus, if
X ∈ H, then
v([U, X ]) = −2dv(U, X) = 0, u([U, X ]) = −2du(U, X) = 0.
So, [U, X ] ∈ H. Similarly, [V, X ] ∈ H.
Furthermore, for any z ∈ P, there is an open subset O of P such that the space O/V, the space
of maximal vertical leaves on O given the quotient topology, is an open manifold and pO : O→
O/V is a submersion. Then, for any basic vector field X on O, i.e., X is horizontal and (pO)∗X is
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a well-defined vector field on O/V, we have (pO)∗([U, X ]) = (pO)∗([V, X ]) = 0. So, [U, X ]
and [V, X ] are also vertical. Thus, [U, X ] = [V, X ] = 0.
If X is any horizontal vector and we extend X to be a local basic vector field on P, then
LU u(X) = −u([U, X ]) = 0.
Hence, LU u = 0. Similarly, we have
LUv = 0 = LJUv = LJU u.
Using this same argument, we have
LU (du) = 0 = LJU (dv) = LU (dv) = LJU (du).
This completes the proof. ¤
6. Complex contact manifolds with regular vertical vector fields
A foliation2 on a manifold M is called regular, if for every m ∈ M , there is an open subset
O containing m such that each maximal connected leaf of 2 passes through O at most once.
By a result of Palais [6], it is known that, if M is a compact n-dimensional manifold and 2 is
an m-dimensional regular foliation on M, then the space of maximal connected leaves of 2,
M/2, given the quotient topology, has the structure of an (n − m)-dimensional manifold.
Let P be a compact complex contact manifold with a global contact formη and corresponding
vertical subbundle V. Suppose the resulting vector fields U and JU are each regular, i.e., their
respective spans over R give regular foliations on P. Let {φt}, {ψt} be the 1-parameter groups
of biholomorphisms derived from U and JU, respectively. Set λ(z) = inf{t > 0 : φt(z) = z}
and µ(z) = inf{t > 0 : ψt(z) = z}. Then λ(z) and µ(z) are called the periods of U and
JU, respectively. Note that each maximal connected leaf of U is a compact 1-dimensional
submanifold of P. So, each is homeomorphic to S1. In particular, we know that λ(z) <∞ for
each z ∈ P. Similarly, µ <∞ on P.
We are now going to show that, under these circumstances, V is a regular foliation of P.
Since each vector field U and JU is regular, M is compact, and V foliates M, it is clear that
each maximal leaf of V is a compact torus embedded in M. Let z ∈ P. Let L be a maximal leaf
of V passing through z.We can choose a small enough tubular neighborhood TL of L such that
TL is the open union of maximal leaves of V. Furthermore, each maximal leaf L0 contained
in TL gives a projection onto L induced by the tubular neighborhood TL . Fix L0. Then the
resulting map between 2-tori L0 → L is a k-to-one transformation. However, if TL is small
enough, we know that the integral curves of U and JU on L0 map one-to-one onto non-trivial
circles on L , since U and JU are regular vector fields. Thus, the map L0 → L is one-to-one.
By letting O ⊂ TL be an open set containing z, we have proven that V is indeed a regular
foliation. This line of reasoning was suggested to the author by David Singer.
Lastly, for the upcoming theorem, we will have need for the following proposition from
Riemannian geometry. The author thanks the reviewer heartily for providing the final and
correct proof of this proposition.
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Proposition 6.1. Let (M, g) be a compact, connected Riemannian manifold. Let U be regular
vector field on M with 1-parameter group of diffeomorphisms { ft}. Set λ(x) = inf{t > 0 :
ft(x) = x} for each x ∈ M. If U is Killing, then λ is constant on M.
Proof. Since U is regular and M compact, we know that the orbits of { ft} are circles in M.
In particular, we know 0 < λ(x) < ∞ for each x ∈ M. Furthermore, it is clear that the
correspondence x 7→ λ(x) is constant along the orbits of U.
By compactness of M, we know that there is a number δ0 > 0 such that, for any 0 < δ < δ0
and any x ∈ M, the δ-ball about x is geodesically convex and U -regular, i.e., each orbit of U
passes through it at most once.
Let x be any point of M, and write γ for the U -orbit through x . Let y be a point in Bδ(x),
but not on γ. Let γ ′ be the U -orbit through y. Also let x ′ be a point on γ ′ closest to x . Then
x ′ ∈ Bδ(x), and we denote the unique geodesic joining x and x ′ by xx ′. Clearly, this geodesic
is orthogonal to γ ′.
Now each ft maps xx ′ to a geodesic ft(x) ft(x ′) of the same length as xx ′. In particular, we
have
fλ(x)(x) fλ(x)(x ′) = x fλ(x)(x ′).
However, this does not allow us to conclude a priori that fλ(x)(x ′) = x ′, since there might be
more than one shortest geodesic from x to γ ′. For small δ, however, the existence of a U -orbit
γ ′ as above with fλ(x)(x ′) 6= x ′ forces the geodesic curvature of γ ′ to be large at some point.
But all U -orbits are compact, and so is the manifold M/U of U -orbits (by the result of Palais).
Thus, there is a global upper bound on the geodesic curvatures of the U -orbits. Hence, for
U -orbits γ ′ close to γ (say for 0 < δ < δ1 < δ0, where δ1 does not depend on x), we may
conclude that fλ(x)(x ′) = x ′.
This, in turn, implies that λ(x) > λ(x ′) = λ(y). Reversing the roles of x and y in the above
argument, shows us that λ is locally constant and thus constant on M. This proves the propo-
sition. ¤
Theorem 6.2 (Complex Boothby–Wang Fibration). Let P be a (2n+1)-dimensional compact
complex contact manifold with a global holomorphic contact form η such that the resulting
vertical vector fields U and JU are regular in P. Then η generates a free S1× S1-action on
P, and P is a principal S1× S1-bundle over a complex symplectic manifold M with projection
p : P → M such that η is a connection form of this fibration and the symplectic formÄ on M
is given by p∗Ä = dη.
Proof. Each maximal connected vertical leaf is a compact Riemannian surface, since V is
regular. Also, on each such leaf, we have a global nowhere-zero vector field, so χ(leaf) = 0.
Thus, each leaf is homeomorphic to S1× S1. Let M be the space of maximal connected vertical
leaves with the quotient topology, and let p : P → M be the resulting projection. Then P is a
fibre bundle over M.
For any z ∈ P, the map p∗ : Hz → Tp(z)M is an isomorphism. So, for any X˜ ∈ Tp(z)M,
there is a unique X ∈ Hz such that p∗(X) = X˜ . Let horz : Tp(z)→ Hz be the resulting reverse
isomorphism, X˜ 7→ X.Since LU J = LJU J = 0,we know that p is a holomorphic submersion,
i.e., there is an almost complex structure J0 on M such that p∗◦J = J0◦p∗.Since J is integrable,
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it is easy to see that J0 is also integrable. Note that for any X˜ ∈ Tp(z)M, J0 X˜ = (p∗◦ J ◦horz)X˜ .
Furthermore, if X is a basic vector field, i.e., p∗(X) is a well-defined vector field on M, then J X
is also a basic vector field. In particular, if X˜ is an infinitesimal automorphism of J0, then the
corresponding basic vector field X on P is an infinitesimal automorphism of J, and vice versa.
Fix a maximal leaf p(z) ∈ M. Then we have a diffeomorphism from p(z) to S1× S1.
By giving S1× S1 the complex structure inherited by this diffeomorphism from p(z), we see
that this diffeomorphism is a biholomorphism. Furthermore, since U and JU are vector fields
on p(z) with finite-period orbits, we see that p(z) is isometric to a rectangular torus and g′
is conformal to the standard hermitian metric (i.e., the “Euclidean” metric) on this torus. It is
easy to see that U and JU integrate to geodesics in (p(z), g′) and, thus, have orbits which are
straight lines in S1× S1.
We will now apply a technique that is due, in the real case, to Tanno. Let h be any Hermitian
metric on M . Set
g = p∗h + u ⊗ u + v ⊗ v.
So, g = g′, when restricted to the maximal vertical leaves of p.
Claim. U and JU are Killing and tangential to geodesics with respect to g. In particular, each
vertical leaf is totally geodesic.
Proof of Claim. Let X, Y be horizontal vectors, and extend them to be basic vector fields
on P. Then the function g(X, Y ) = h(p∗(X), p∗(Y )) on P is constant along the fibres of p. In
particular, W (h(p∗(X), p∗(Y ))) = 0 for any vertical vector field W. By the previous section,
we know that [U, X ] = [U, Y ] = 0. Then
LU (p∗h)(X, Y ) = U (h(p∗X, p∗Y ))−h(p∗[U, X ], p∗Y )−h(p∗X, p∗[U, Y ]) = 0.
This means that LU (p∗h) = 0. Also, from the previous section, LU u = LUv = 0. This gives
us that LU g = 0 and similarly for JU. We also have
g(∇U U, X) = −g(∇U X,U ) = −g([U, X ],U )− g(∇XU,U ) = 0
and
g(∇U U, JU ) = −g(∇U (JU ),U ) = −g([U, JU ],U )− g(∇JU U,U ) = 0.
Thus, U is tangential to geodesics with respect to g and similarly for JU as well. This proves
the claim.
Since U and JU are Killing with respect to g,we know that λ, as defined in Proposition 6.1,
and µ, its analogous function for V, are constant on P. In particular, this means that each
maximal connected leaf of V is isometric to the rectangular torus R2/0, where 0 is the lattice
given by 0 = (λZ)× (µZ). Also, the integral paths of Uz and JUz are geodesics in (p(z), g′),
so that they are straight lines in R2/0.
Again, we let {φs} and {ψt} be the 1-parameter groups of diffeomorphisms generated by U
and JU, respectively. We define a mapping R : R2/0→ Diff(M) by
R[s,t](z) = φs ◦ ψt(z)
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for every [s, t] ∈ R2/0 and every z ∈ P. Since [U, JU ] = 0, φs ◦ ψt = ψt ◦ φs, for any
s, t ∈ R. Thus, R is a well-defined freeR2/0 ∼= S1×S1-action on P so that S1×S1 → P → M
is a principal S1× S1-fibre bundle with (10)∗ = U and (01)∗ = JU.
Since LUη = 0 and LJUη = 0, we have (R[s,t])∗η = η for any [s, t]. Also, η(U ) = 1 and
η(JU ) = −i. So, η (or rather α = (iu, iv)) is a connection form on P with curvature form
dη = p∗Ä for some holomorphic 2-formÄ on M. SetÄ = Ä1+ iÄ2,where the two forms on
the right are real 2-forms. Then, since ω is the characteristic class of the principal S1× S1-fibre
bundle P → M,we see that bothÄ1 andÄ2 represent integral classes in cohomology (see [3]).
This completes the proof. ¤
7. Examples
The simplest example of a compact regular complex contact manifold with a global complex
contact structure is the Iwasawa manifold, which we will now describe. We giveC3 a holomor-
phic Lie group structure by identifying it with the complex Heisenberg group, a subgroup of
3× 3 complex-entry matrices
C3 ∼= HC =

 1 z1 z30 1 z2
0 0 1
 ∈ M3×3(C)
 .
It is easily seen that the 1-form η = dz3 − z1dz2 is left-invariant and η ∧ dη 6= 0. Hence, η
is a global complex contact form on C3.
We also viewC2 as a holomorphic Lie group under addition. Let J1 be the standard complex
structure on C2 given by multiplication by i. Then the map pi ′ : C3 → C2 given by 1 z1 z31 z2
1
 7→ (z1
z2
)
is a surjective holomorphic Lie group homomorphism. The holomorphic 2-form ω = −dz1 ∧
dz2 on C2 is a left-invariant complex symplectic form and satisfies (pi ′)∗(ω) = dη. If we view
ω a C-valued 2-form on TRC2, we then polarize ω via the Euclidean metric 〈· , ·〉 on C2 to
define real endomorphisms J2, J3 : TRC2 → TRC2 by
ω = 〈J2∗, ∗〉 + i〈J3∗, ∗〉.
Then (〈· , ·〉, {J1, J2, J3}) forms a hyperka¨hler structure onC2, i.e., J1, J2, J3 are 〈· , ·〉-parallel.
This is the same hyperka¨hler structure when considering C2 as H1.
Set
w1 =
(
1
0
)
, w2 =
(
i
0
)
,
w3 =
(
0
1
)
, w4 =
(
0
i
)
∈ C2,
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and
w′1 =
 1 1 00 1 0
0 0 1
 , w′2 =
 1 i 00 1 0
0 0 1
 ,
w′3 =
 1 0 00 1 1
0 0 1
 , w′4 =
 1 0 00 1 i
0 0 1
 ∈ C3.
Let 0 = 〈w1, . . . , w4〉 ⊂ C2 be the smallest subgroup of C2 containing each wk . Similarly, we
define 0′ = 〈w′1, . . . , w′4〉 ⊂ C3. Note that pi ′(w′k) = wk for each k, so that pi ′(0′) = 0. Set
X ′ = C3/0′ and X = C2/0 with respective projections p′ : C3 → X ′, p : C2 → X. Then
pi ′ induces a map pi : X ′ → X , and so we have the commutative diagram
C3
p′−−→ C3/0′
pi ′ ↓ pi ↓
C2
p−−→ C2/0
Both X and X ′ are compact complex manifolds. X ′ is called the Iwasawa manifold, and X
is the standard complex torus constructed from C2.
Since all the maps in this diagram are surjective, the induced pullback maps on forms are
injective. Thus, there is a unique holomorphic 1-form η′ on X ′ such that (p′)∗(η′) = η. Also,
η ∧ dη = (p′)∗(η′ ∧ dη′) 6= 0, so that η′ is a global complex contact form on X ′. Similarly,
we see that there is a unique complex symplectic form ω′ on X such that ω = p ∗ (ω′) and
pi∗(ω′) = dη′. It is readily seen that pi : X ′ → X is a torus bundle such that η′ defines a
holomorphic connection on X ′.
In this example, our complex-symplectic manifold is a complex torus. It is easily seen
that each 2n-dimensional complex torus carries a complex-symplectic form given as above
by the Euclidean metric on C2n and the endomorphisms J1, J2 and J3 which are induced by
the identification C2n ∼= Hn. These facts beg the question: which complex tori have complex
Boothby–Wang fibrations?
Recall a 2n-dimensional complex torus is given by X = C2n/0w, where
0w = 〈w1, . . . , w4n〉
is the smallest subgroup of C2n containing the set of linearly independent periods
w = {w1, . . . , w4n} ⊂ C2n.
When w is understood, we forgo writing the subscript w. Let
W =
 w11 . . . w1,4n... ...
w2n,1 . . . w2n,4n

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be the period matrix of w. Let
J˜2 =
(
0 −In
In 0
)
.
Then X inherits an almost quaternionic structure {J1, J2, J3 = J1 J2} from C2n ∼= Hn, where
J1 is the standard complex structure on C2n.
Definition. We say that W is a hyperka¨hler Riemann matrix, if there is a Hermitian matrix
G ∈ M2n×2n(C) such that
1. G > 0,
2. J˜2G = G J˜2,
3. tW t J˜2GW ∈ M4n×4n(Z+ iZ).
This definition is clearly the quaternionic analogue of a Ka¨hler Riemann matrix (see [8])
and indeed provides the answer to our question in the following theorem.
Theorem 7.1. Let (〈·, ·〉, {J1, J2, J3}) be the standard hypercomplex structure on C2n ∼= Hn,
w = {w1, . . . , w4n} be a set of linearly independent periods in C2n with period matrix W
and 0 = 〈w1, . . . , w4n〉. Let X = C2n/0 with projection p : C2n → X, and ω′ be the
unique holomorphic 2-form on X such that ω = p∗(ω′). Then [ω′] ∈ H 2(X,Z + iZ), i.e.,
the complex-symplectic form ω′ induces a complex Boothby–Wang fibration, if and only if W
is a hyperka¨hler Riemann matrix.
Proof. Suppose W is a hyperka¨hler Riemann matrix. Then G defines a left-invariant metric
g1,0 on T 1,0C2n by
g1,0(v,w) = tvGw,
where we view v =∑2nj=1 v j∂/∂z j and w =∑2nj=1w j∂/∂z j as column vectors. Furthermore,
the complex structure J2 on TRC2n induces aC-linear endomorphism J 1,02 : T 1,0C2n → T 1,0C2n
given by
J 1,02 (X − i J1 X) = J2 X − i J1 J2 X
for each X ∈ TRC2n. Then J 1,02 has J˜2 as its matrix representation, i.e.,
J 1,02 (v) = J˜2
 v1...
v2n
 for v = 2n∑
j=1
v j
∂
∂z j
.
Since J˜2G = G J˜2, it is easily checked that the Riemannian metric g on TRC2n induced
by g1,0 is Hermitian with respect to J1, J2 and, hence, J3 = J1 J2. Since g is given by constant
coefficients with respect to the complex coordinates of C2n , we know that ∇ J1 = ∇ J2 =
∇ J3 = 0. Thus, g is hyperka¨hler. In particular, this means that the real 2-forms defined by
g(J2∗, ∗) and g(J3∗, ∗) are closed.
Define the 2-tensor ω on TCC2n by
ω(v,w) = g1,0(J 1,02 v1,0, w1,0),
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where v = v1,0+v0,1, w = w1,0+w0,1 such that v1,0, w1,0 ∈ T 1,0C2n and v0,1, w0,1 ∈ T 0,1C2n .
One can easily check that ω(X − i J1 X, Y − i J1Y ) = 2g(J2 X, Y )+ 2ig(J3 X, Y ), so that ω is
a closed C-valued 2-form of maximal rank. We also have the following matrix representation
of ω :
ω(v,w) = tvt J˜2Gw for all v,w ∈ T 1,0C2n.
Hence, ω is a left-invariant holomorphic symplectic form on C2n. By the injective nature of
p∗ there exists a unique 2-form ω′ on X such that p∗(ω′) = ω. Then ω′ is a holomorphic
symplectic form on X.
In order for g on C2n to induce a complex-symplectic form on X representing a class in
Gaussian-integral cohomology, we need
∫
C jk ω ∈ Z+ iZ for j, k = 1, . . . , 4n, where C jk is
the 2-cycle on C2n given by C jk = {sw j + twk : 0 6 s, t 6 1}. On C jk, dz1...
dz2n
 = w j ds + wk dt,
so that
ω = (tw j ds + twk dt)t J˜2G(w j ds + wk dt)
= −2(tw j J˜2Gwk) ds ⊗ dt − 2(twk J˜2Gw j ) dt ⊗ ds
= −(tw j J˜2Gwk) ds ∧ dt.
So, we need
∫
C jk ω = −(tw j J˜2Gwk) = (tW t J˜2GW ) jk ∈ Z+ iZ.
Conversely, suppose X = C2n/0 has a hyperka¨hler metric g′ such that the complex sym-
plectic form ω′ given by
ω′(X, Y ) = (g′)1,0((J ′2)1,0 X, Y ) for X, Y ∈ C2n/0
(using the same notation as above), represents a class in H 2(X,Z + iZ). Then ω′ induces
a holomorphic 0-invariant form ω = p∗(ω′) on C2n, and J ′2 is the complex structure on X
induced by J2 on C2n. So, ω =
∑
ω jkdz j ∧ dzk, where each function w jk is a 0-invariant
holomorphic function on C2n. In particular, each w jk is constant on C2n. Also, g′ induces a
0-invariant metric g on C2n and ω = g1,0(J 1,02 , · ), where g1,0 is the Hermitian metric on
T 1,0C2n induced by g and J 1,02 is the C-linear endomorphism on T 1,0C2n induced by J2. As
a matrix, we know that J 1,02 is represented by J˜2, as described before. So, we see that g1,0
can be represented by a matrix of constant functions on C2n, i.e., there is a Hermitian matrix
G ∈ M2n×2n(C) such that
g(v,w) = tvGw for all v,w ∈ T 1,0C2n
(again, viewing (1, 0)-vectors as column vectors in the obvious way). g1,0 is a Hermitian
metric with respect to J1, J2, and J3, so not only G > 0 but also J˜2G = G J˜2. Since [ω′] ∈
H 2(X,Z + iZ), we know that ∫C jk ω = −(tw j J˜2Gwk) ∈ Z+ iZ for each 2-cycle C jk . Thus,
tW J˜2GW ∈ M4n×4n(C). This completes the proof. ¤
We now construct the corresponding torus bundle of a complex torus X = C2n/0 with a
hyperka¨hler Riemann matrix. Let X = C2n/0 be a complex torus with hyperHodge metric g
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with corresponding hermitian matrix G ∈ M2n×2n(C). Since J˜2G = G J˜2 and tG = G, G is of
the form
G =
(
G1 G2
−G2 G1
)
,
where G1,G2 ∈ Mn×n(C) such that tG1 = G1 and tG2 = −G2. Then the complex symplectic
form ω = g1,0(J 1,02 , ) is given by the matrix
ω = − J˜2G =
(−G2 G1
−G1 −G2
)
.
We wish to construct a generalization of the complex Heisenberg group for this given complex
torus. In order to do this, we need to define on C2n+1 a multiplication, under which C2n+1 is
a complex Lie group. First, we define a Lie group structure on CN+1 for any N > 1. Let
F : CN × CN → C be a bilinear 2-tensor on CN . Define the multiplication on CN+1 by(
v1
r1
)(
v2
r2
)
=
(
v1 + v2
r1 + F(v1, v2)+ r2
)
,
where v1, v2 ∈ CN , r1, r2 ∈ C. One easily verifies that this defines a complex Lie group
structure on CN+1 satisfying the following conditions:
1.
(0
0
)
is the identity of this multiplication.
2. For v ∈ CN , r ∈ C,(
v
r
)−1
=
( −v
−r + F(v, v)
)
,
so that (
v
r
)k
=
(
kv
kr + 12 k(k − 1) F(v, v)
)
for any integer k.
3.
(
v1
r1
)(
v2
r2
)(
v1
r1
)−1 (
v2
r2
)−1
=
(
0
F(v1, v2)− F(v2, v1)
)
.
Thus,
[CN+1,CN+1] =
{(
0
α(v,w)
)
: α(v,w) = F(v,w)− F(v,w), v,w ∈ CN
}
.
In our case, we let N = 2n and F be the 2-tensor defined by
F(v,w) = tv
(− 12 G2 G1
0 − 12 G2
)
w for all v,w ∈ C2n.
Then, we have F(v,w)− F(w, v) = ω(v,w), so that[(
v
0
)
,
(
w
0
)]
=
(
0
ω(v,w)
)
.
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Also, if we set F = F1 + i F2, where each Fj is a real matrix, and set
J =
(
0
In
−In
0
)
,
then F2 = −F1 ◦ J .
For each period vector w j , set w′j =
(
w j
0
) ∈ C2n+1. Set 0′ = 〈w′1, . . . , w′4n〉 ⊂ C2n+1, a Lie
subgroup. It is not difficult to see that, for each γ ′ ∈ 0′, the map Lγ ′ : C2n+1 → C2n+1 given
by left multiplication of γ ′ is a diffeomorphism. Also, [0′, 0′] = {0}× (C/aZ+ ibZ) ∈ C2n+1
for some a, b ∈ Z.
Let (x1, . . . , x4n+2) be the real coordinates on C2n+1 such that z j = x j + i x j+2n for j =
1, . . . , 2n and z2n+1 = x4n+1 + i x4n+2. Let k = 1, . . . , 4n. Then
xl ◦ Lw′k = xl + wk l for l = 1, . . . , 4n,
x4n+1 ◦ Lw′k = x4n+1 + F1
w j ,
 x1...
x4n
 ,
x4n+2 ◦ Lw′k = x4n+2 + F2
w j ,
 x1...
x4n
 ,
where each twk = (wk 1 · · ·wk 4n) for k = 1, . . . , 4n. For k = 1, . . . , 4n,
(Lw′k )∗
(
∂
∂xk
)
= ∂
∂xk
+
( 4n∑
l=1
(F1)lkwk j
) ∂
∂x4n+1
+
( 4n∑
l=1
(F2)lkwk j
) ∂
∂x4n+2
.
Also,
(Lw′k )∗
(
∂
∂x4n+1
)
= ∂
∂x4n+1
,
(Lw′k )∗
(
∂
∂x4n+2
)
= ∂
∂x4n+2
.
We then have (Lw′k )∗ ◦ J = J ◦ (Lw′k )∗ on spanR
{
∂/∂x4n+1, ∂/∂x4n+2
}
. Using the fact that
F2 = −F1 ◦ J, we also have (Lw′k )∗ ◦ J (∂/∂xk) = J ◦ (Lw′k )∗(∂/∂xk) for any k = 1, . . . , 4n.
Hence, each Lw′j and, consequently, each element of 0
′ is a holomorphism. Since 0′ contains
all its own inverses, each of its elements is a biholomorphism.
It is then possible to show that 0′ is a properly discontinuous group of automorphisms on
C2n+1 with no fixed points. So, X ′ = C2n+1/0′ has a unique complex structure induced from
the natural projection p′ : C2n+1 → X ′, which is a locally biholomorphic mapping. Since
pi ′(0′) = 0, we have the following commutative diagram:
C2n+1
p′−−→ C2n+1/0′
pi ′ ↓ pi ↓
C2n
p−−→ C2n/0
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We now wish to show that pi : X ′ → X is an S1× S1-bundle. We define the group action on
X ′ as follows. For [r1, r2] ∈ R2/aZ⊕ bZ,
[
v
z
] ∈ C2n+1/0′, define
L [r1,r2]
[
v
z
]
=
[
v
z + r1 + ir2
]
.
Since [0′, 0′] = {0} × (C/aZ+ ibZ) ∈ C2n+1 this group action is well-defined and free.
We now define the local trivializations of X ′ over X. Let [v] ∈ X with v ∈ C2n. Set
O˜v =
{
v + a1w1 + · · · + a4nw4n ∈ C2n : − 12 〈a1, . . . , a4n〉 12
}
,
Ov = p(O˜v) ⊂ X.
Then
pi−1(Ov) =
{[
v′
z′
]
: [v′] ∈ Ov
}
=
{[
v′
z′
]
: v′ ∈ O˜v
}
.
Define 8v : pi−1(Ov)→ Ov × (R2/aZ⊕ bZ) by
8v
([
v′
z′
])
= ([v′], ([r ′1, r ′2])),
for
[
v′
z′
] ∈ pi−1(Ov) such that v′ ∈ O˜v and r = r1 + ir2. Note that any element γ ′ of 0′ can be
written uniquely as
γ ′ =
(
0
m1a + im2b
)
(w′1)
b1 · · · (w′4n)b4n
for some
( 0
m1a+im2b
) ∈ [0′, 0′], b1, . . . , b4n ∈ Z. This and the fact that {w1, . . . , w4n} is a
basis of C2n over R imply that8v is well-defined on pi−1(Ov). Furthermore, it is clear that8v
preserves the R2/aZ⊕ bZ-action on both pi−1(Ov) and Ov × (R2/aZ⊕ bZ). Thus, X ′ → X
is an S1× S1-bundle.
The vertical fibre of X ′ over X is given by V = spanC{(p′)∗(∂/∂z2n+1)}. Let ζ ∈ C represent
a holomorphic left-invariant vector field on R2/aZ⊕ bZ ∼= C/aZ + ibZ. Set φz = exp(zζ ),
so that φz = [zζ ] ∈ C/aZ + ibZ. Then, for V =
[
v
r
] ∈ X ′, the corresponding fundamental
vector field ζ ∗ on X ′ is given by
ζ ∗V =
d
dz
(
Lφz
([
v
r
]))∣∣∣
z=0
= d
dz
([
v
r + zζ
])∣∣∣
z=0
,
i.e., ζ ∗V = ζ(p′)∗(∂/∂z2n+1). In particular, if η′ is a holomorphic (C/aZ + ibZ)-connection
on X ′, then η ≡ (p′)∗(η′) = dz2n+1 +
∑2n
j=1 η j dz j for some holomorphic functions η j on
C2n+1.
On C2n+1, define a holomorphic 1-form η by
η = dz2n+1 −
2n∑
j,k=1
Fjk dz j ∧ dzk .
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For V = (v
r
) ∈ C2n+1,
zl ◦ LV = zl + vl for l = 1, . . . , 2n,
z2n+1 ◦ LV = z2n+1 + F
v,
 z1...
z2n
 .
Then
(LV )∗dzl = dzl for l = 1, . . . , 2n,
(LV )∗dz2n+1 = dz2n+1 +
2n∑
k=1
Fjk dzk .
From these facts, one sees that η as defined above is left-invariant. Thus, there is a unique
η′ on X ′ such that η = (p′)∗η′. Since η is left-invariant on C2n+1, η′ is left-invariant under
the (C/aZ + ibZ)-action on X ′. Thus, η′ is a connection for the bundle X ′ over X. Finally,
dη = −∑ j,k Fjk dz j ∧ dzk = (pi ′)∗(ω), and, thus, dη′ = pi∗(ω′).
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